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Abstract
The Zero divisor Graph of a commutative ring R, denoted by Γ[R], is a graph
whose vertices are non-zero zero divisors of R and two vertices are adjacent
if their product is zero. Chemical graph theory is a branch of mathematical
chemistry which deals with the non-trivial applications of graph theory to
solve molecular problems. Graphs containing finite commutative rings also
have wide applications in robotics, information and communication theory,
elliptical curve and cryptography, physics and statistics. In this paper, we
consider the zero divisor graph Γ[Zpn ] where p is a prime. We derive the
standard form of the Eccentric Connectivity Index, Augmented Eccentric
Connectivity Index, and Ediz Eccentric Connectivity Index of the zero divi-
sor graph Γ[Zpn ].
1
1 Introduction
The concept of the Zero divisor graph of a ring R was first introduced by
I.Beck[1] in 1988 and discussed the concepts such as diameter, grith and
clique number of a zero divisor graph. Then later on Anderson and Liv-
ingston[2], Akbari and Mohammadian[3] continued the study of zero divisor
graph and they considered only the non-zero zero divisors. The Topological
descriptors(Indices) are numerical parameters of a graph that characterize its
topology and are usually graph-invariant. The concept of Eccentric Topolog-
ical Indices Based on Edges of Zero Divisor Graphs was introduced by ANA
Koam, A Ahmad, A Haider [4]. A novel, distance-cum-adjacency topolog-
ical descriptor, termed as Eccentric Connectivity Index, has been concep-
tualized, and its discriminating power has been investigated with regard to
physical/biological properties of molecules by V Sharma, R Goswami, AK
Madan [5]. The Augmented Eccentric Connectivity Index, turned out to be
even better suited to the task than the original invariant, and is discussed
by Doslic, T.; Saheli, M[9], also the concept of Ediz Eccentric Connectivity
Index introduced by MR Farahani[10]. In this article, we consider the zero
divisor graph Γ[Zpn ]. We deduce the standard form of the Eccentric Connec-
tivity Index and standard form of Augmented Eccentric Connectivity Index,
Ediz Eccentric Connectivity Index for the zero divisor graph Γ[Zpn] where p
is a prime.
In this article, section 2, is about the preliminaries and notations related
to zero divisor graph of a commutative ring R. In section 3, we derive
the standard form of Eccentric connectivity index of a zero divisor graph
Γ[Zpn ]. In section 4, we discuss the Augmented Eccentric Connectivity Index
of Γ[Zpn ] and in section 5, we find the Ediz Eccentric Connectivity Index of
Γ[Zpn ].
2
2 Preliminaries and Notations
Definition 2.1. Zero divisor Graph Γ(R)[1]
Let R be a commutative ring with 1 and let Z(R) be its set of zero-divisors.
We associate a (simple) graph, called the zero divisor graph Γ(R) to R with
vertices Z(R)∗ = Z(R) \ {0}, the set of nonzero zero-divisors of R, such that
two distinct vertices x and y are adjacent if xy = 0.
Definition 2.2. Topological index or descriptor[5]
Let G be a connected graph with the vertices and edges sets V (G) and E(G)
respectively. A numerical quantity related to a graph that is invariant under
graph automorphisms is a topological index.
Definition 2.3. Eccentricity of a graph [6]
Let G be a connected graph with the vertex set V (G) and x1, x2 ∈ V , the
distance d(x1, x2) be definied as the length of any shortest path in G con-
necting x1andx2. In mathematical the eccentricity is defined as
e(u) = max{d(u, v) |∀v ∈ V (G)}
Definition 2.4. Eccentricity Connectivity Index of a graph [6, 7]
Let G be a connected graph with the vertex set V (G) and dv is the degree
of the vth-vertex.Then the Eccentricity Connectivity Index of a graph G is
defined as ζ(G) =
∑
v∈V (G)
dve(v).
Definition 2.5. Augmented Eccentricity Connectivity Index of a
graph [8, 9]
Let G be a connected graph with the vertex set V (G). Then the Aug-
mented Eccentricity Connectivity Index of a graph G is defined as ζac(G) =
∑
v∈V (G)
M(v)
e(v)
. Where M(v) denotes the products of degrees of all verticies u
which are adjacent to vertex v, e(v) is the eccentricity of v.
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Definition 2.6. Ediz Eccentricity Connectivity Index of a graph[10]
Let G be a connected graph with the vertex set V (G). Then the Ediz Ec-
centricity Connectivity Index of a graph G is defined as Eζ(G) =
∑
v∈V (G)
S(v)
e(v)
.
Where S(v) denotes the sum of degrees of all verticies u which are adjacent
to vertex v, e(v) is the eccentricity of v.
3 Eccentric Connectivity Index of the zero
divisor graph Γ[Zn].
In this section, we derive the standard form of the Eccentric connectivity
index of the zero divisor graph Γ[Zpn ] where p is a prime.
Theorem 3.1. The Eccentric Connectivity Index of the zero divisor graph
Γ[Zp3 ] is ζ(Γ[Zp3]) = (p− 1)[3p
2 − 2p− 2].
Proof. The set of non-zero zero divisors of Zp3 is
Z∗[Zp3 ] = {p, 2p, 3p, ...., (p
2 − 1)p} with cardinality p2 − 1.
Now we rewrite Z∗[ZZ
p3
] = A1 ∪A2, where
A1 = {kp|k = 1, 2, 3, ....p
2 − 1 and p ∤ k}
A2 = {lp
2|l = 1, 2, 3, ....p− 1}
Since no two elements of A1 are adjacent and every element of A1 is adjacent
only with the elements of A2, we get the degree of every element of A1 as
p− 1.
Also each element of A2 is adjacent with every element of A2 except itself
and with every element of A1.
Hence the degree of each element of A2 is p
2 − 2.
Since d(x, y) = 1 if x ∈ A1, y ∈ A2 or y ∈ A1, x ∈ A2 and
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d(x, y) = 2 if x, y ∈ A1, we get e(v) = 2 ∀v ∈ A1.
Similarly, e(v) = 1 ∀v ∈ A2, as d(x, y) = 1 if x, y ∈ A2 orx ∈ A1, y ∈ A2.
Hence the Eccentricity Connectivity Index is
ζ(Γ[Zp3]) =
∑
v∈V
dve(v)
=
∑
v∈A1
dve(v) +
∑
v∈A2
dve(v)
= (p− 1)2 + (p− 1)2 + ..... + (p− 1)2 [p(p− 1)times]
+ (p2 − 2)1 + (p2 − 2)1 + ...+ (p2 − 2)1 [(p− 1)]times.
= 2p(p− 1)2 + (p2 − 2)(p− 1)
= (p− 1)[3p2 − 2p− 2]
Theorem 3.2. Let m = pn with p prime. Then the Eccentric Connectivity
Index of the zero divisor graph Γ[Zm] is
ζ(Γ[Zm]) = (p−1)[(2n−3)p
n−1−2pn−2−2pn−3− .........−2pn−i−2−4pn−i−1−
4pn−i − .............− 4p2 − 4p− 2].
Proof. Let m = pn. Then the set of non-zero zero divisors of Zm is
Z∗[Zm] = {p, 2p, 3p, ...., (p
n−1 − 1)p} with cardinality pn−1 − 1.
Now we rewrite Z∗[Zm] = A1 ∪A2 ∪ ..... ∪ An−1, where
A1 = {kp|k = 1, 2, 3, ....p
n−1 − 1 and p ∤ k}
A2 = {lp
2|l = 1, 2, 3, ....pn−2 − 1}
Ai = {mp
i|m = 1, 2, 3, ....pn−i − 1}
An−1 = {np
n−1|n = 1, 2, 3, ....p− 1}
Now deg(v1) = (p− 1)∀v1 ∈ A1,
deg(v2) = (p
2 − 1)∀v2 ∈ A2 ,
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deg(v3) = (p
3 − 1)∀v3 ∈ A3 ,
deg(vi−1) = (p
i−1 − 1)∀vi−1 ∈ Ai−1 ,
deg(vi) = (p
i − 2)∀vi ∈ Ai, where i = [
n
2
]=greatest integer part function,
deg(vi+1) = (p
i+1 − 2)∀vi+1 ∈ Ai+1,
and deg(vn−1) = (p
n−1 − 2)∀vn−1 ∈ An−1.
Since d(x, y) = 1 if x ∈ A1, y ∈ An−1 or y ∈ A1, x ∈ An−1 and
d(x, y) = 2 if x ∈ A1, y ∈ An−i or y ∈ A1, x ∈ An−i, we get e(v1) = 2 ∀v1 ∈
A1 .
With similar arguments, the eccentricities are given by
e(A2) = e(A3) = ................e(An−2) = 2, and e(An−1) = 1.
Hence the Eccentricity Connectivity Index is
ζ(Γ[Zpn]) =
∑
v∈V
dve(v)
=
∑
v1∈A1
dv1e(v1) +
∑
v2∈A2
dv2e(v2) + ...+
∑
vi∈Ai
dvie(vi) + ...+
∑
vn−1∈An−1
dvn−1e(vn−1)
= 2(p− 1)pn−2(p− 1) + 2(p2 − 1)pn−3(p− 1) + ... + 2(pi − 2)pn−i−1(p− 1)
+ ... + 2(pn−2 − 2)p(p− 1) + 1(pn−1 − 2)(p− 1)
= (p− 1)[(2n− 3)pn−1 − 2pn−2 − ...− 2pn−i−2 − 4pn−i−1 − 4pn−i − ...− 4p2 − 4p− 2].
4 Augmented Eccentric Connectivity Index
of Γ[Zn]
In this section, we discuss the Augmented Eccentric Connectivity Index of
the zero divisor graph Γ[Zpn ] with p prime.
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Theorem 4.1. The Augmented Eccentric Connectivity Index of the zero di-
visor graph Γ(Zp4) is given by
ζac(Γ(Zp4)) =
[(p3−2)](p
3
−p2)
2
+ [(p
2
−2)(p3−2)](p
2
−2)
2
+[(p− 1)(p2 − 2)(p3 − 2)](p−1).
Proof. The set of non-zero zero divisors of Zpn is
Z∗[Zpn] = {p, 2p, 3p, ...., (p
3 − 1)p} with cardinality p3 − 1.
Now we rewrite Z∗[Zpn ] = A1 ∪A2 ∪ A3, where
A1 = {kp|k = 1, 2, 3, ....p
3 − 1 and p ∤ k}
A2 = {lp
2|l = 1, 2, 3, ....p2 − 1}
A3 = {mp
3|m = 1, 2, 3, ....p− 1}
Since no two elements of A1 are adjacent and every element of A1 is adjacent
with each element of A3, we get the degree of every element of A1 as p− 1.
Also each element of A2 is adjacent with every element of A2 except itself
and with every element of A3, we have the degree of each element of A2 is
p2 − 2.
Similarly, every element of A3 is adjacent with each and every element of A3
except itself and with every element of A1 and A2, we get the degree of each
element of A3 is p
3 − 2.
Since d(x, y) = 1 if x ∈ A1, y ∈ A3 or y ∈ A1, x ∈ A3 and
d(x, y) = 2 if x ∈ A1, y ∈ A2 or y ∈ A1, x ∈ A2, we get e(v1) = 2 for all
v1 ∈ A1.
Also d(x, y) = 2 if x ∈ A1, y ∈ A2 or y ∈ A1, x ∈ A2 and d(x, y) = 1 if
x ∈ A1, y ∈ A2 or y ∈ A1, x ∈ A2 implies e(v2) = 2 for all v2 ∈ A2.
And d(x, y) = 1 if x ∈ A3, y ∈ A1 ∪A2 orx ∈ A1 ∪A2, y ∈ A3 gives e(v3) = 1
for all v3 ∈ A3.
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Hence the Augmented Eccentricity Connectivity Index is
ζac(Γ(Zp4)) =
∑
v∈V (G)
M(v)
e(v)
=
∑
v∈A1
M(v1)
e(A1)
+
∑
v∈A2
M(v2)
e(A2)
+
∑
v∈A3
M(v3)
e(A3)
=
[(p3 − 2)× (p3 − 2).....× (p3 − 2) {(p3 − p2) times}
2
]
+
[(p2 − 2)(p3 − 2)× (p2 − 2)(p3 − 2).....× (p2 − 2)(p3 − 2) {(p2 − 2) times}
2
]
+
[(p− 1)(p2 − 2)(p3 − 2)× ...× (p− 1)(p2 − 2)(p3 − 2) {(p− 1) times}
2
]
Therefore, ζac(Γ(Zp4)) =
[(p3−2)](p
3
−p2)
2
+ [(p
2
−2)(p3−2)](p
2
−2)
2
+[(p− 1)(p2 − 2)(p3 − 2)](p−1).
Theorem 4.2. Let m = pn. Then the Augmented Eccentric Connectivity
Index of the zero divisor graph Γ(Zm) is given by
ζac(Γ(Zm)) =
[ [(pn−1−2)](pn−1−pn−2)
2
]
+
[ (p2−1)[(pn−1−2)×(pn−2−2)](pn−2−pn−3)
2
]
+ ...
+
[ [(pn−1−2)×(pn−2−2)×...×(pi−2)](pn−i−pn−i−1)
2
]
+...+
[ [(pn−2−2)×(pn−3−2)×...×(p2−1)×(p−1)](p−1)
1
]
.
Proof. Let m = pn. Then the set of non-zero zero divisors of Zm is
Z∗[Zm] = {p, 2p, 3p, ..., (p
n−1 − 1)p} with cardinality pn−1 − 1.
Now we rewrite Z∗[Zm] = A1 ∪A2 ∪ ... ∪An−1, where
A1 = {kp|k = 1, 2, 3, ..., p
n−1 − 1 and p ∤ k}
A2 = {lp
2|l = 1, 2, 3, ..., pn−2 − 1}
Ai = {mp
i|m = 1, 2, 3, ..., pn−i − 1}
An−1 = {np
n−1|n = 1, 2, 3, ..., p− 1}
Now deg(v1) = (p− 1)∀v1 ∈ A1,
deg(v2) = (p
2 − 1)∀v2 ∈ A2 ,
deg(v3) = (p
3 − 1)∀v3 ∈ A3 ,
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deg(vi−1) = (p
i−1 − 1)∀vi−1 ∈ Ai−1,
deg(vi) = (p
i − 2)∀vi ∈ Ai, where i = [
n
2
]=greatest integer part function,
deg(vi+1) = (p
i+1 − 2)∀vi+1 ∈ Ai+1,
and deg(vn−1) = (p
n−1 − 2)∀vn−1 ∈ An−1.
Since d(x, y) = 1 if x ∈ A1, y ∈ An−1 or y ∈ A1, x ∈ An−1 and
d(x, y) = 2 if x ∈ A1, y ∈ An−i or y ∈ A1, x ∈ An−i
therefore e(A1) = 2.
with a similar argument the eccentricities are given by
e(A2) = e(A3) = ................e(An−2) = 2, and e(An−1) = 1.
Hence the Augmented Eccentricity Connectivity Index is
ζac(Γ(Zm) =
∑
v∈V (Γ(Zm)
M(v)
e(v)
.
ζac(Γ(Zm) =
n−2∑
v∈Ai,i=1
M(vi)
e(Ai)
+
∑
v∈An−1
M(vn−1)
e(An−1)
.
ζac(Γ(Zm) =
[ [(pn−1−2)](pn−1−pn−2)
2
]
+
[ (p2−1)[(pn−1−2)×(pn−2−2)](pn−2−pn−3)
2
]
+............
+
[ [(pn−1−2)×(pn−2−2)×......×(pi−2)](pn−i−pn−i−1)
2
]
+....+
[ [(pn−2−2)×(pn−3−2)×......×(p2−1)×(p−1)](p−1)
1
]
.
5 Ediz Eccentric Connectivity Index of the
zero divisor graph Γ[Zn]
In this section we calculate the Ediz Eccentric Connectivity Index of Γ(Zpn).
Theorem 5.1. The Ediz eccentric connectivity index of the zero divisor graph
Γ(Zp3) is Eζ(Γ(Zp3)) = (p−1)×
[ (p2−p)(p2−2)]
2
+(p−1)(p2−p)+(p2−2)(p−2)
]
.
Proof. Let Γ(Zp3) be a zero divisor graph where p is a prime number.
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Then the vertex set of Γ(Zp3) is divided into two sets
A1 = {k1p | k1 = 1, 2, 3, ....p
2 − 1 and k1 ∤ p}
A2 = {k2p
2 | k2 = 1, 2, 3, ....p− 1}
where |A1| = p
2 − p and |A2| = p− 1
Let x, y ∈ V (Γ(Zp3)).
Since no two elements of A1 are adjacent and every element of A1 is adjacent
with each element of A2, we get the degree of every element of A1 as p− 1.
Also each element of A2 is adjacent with every element of A2 except itself
and with every element of A1.
Hence the degree of each element of A2 is p
2 − 2.
Since d(x, y) = 1 if x ∈ A1, y ∈ A2 or y ∈ A1, x ∈ A2 and
d(x, y) = 2 if x, y ∈ A1, therefore e(A1) = 2, and e(A2) = 1, since d(x, y) = 1
if x, y ∈ A2 orx ∈ A1, y ∈ A2
Now Ediz Eccentricity Connectivity Index is defined as
Eζ(G) =
∑
v∈V (G)
S(v)
e(v)
.
where S(v) denotes the sum of degrees of all verticies u, which are adjacent
to vertex v , e(v) is the eccentricity of v.
Eζ(Γ(Zp3)) =
∑
v∈A1
S(v1)
e(A1)
+
∑
v∈A2
S(v2)
e(A2)
.
Eζ(Γ(Zp3)) =
[ (p2−p)×[(p−1)(p2−2)]
2
]
+
[ (p−1)×[(p−1)(p2−p)+(p2−2)(p−2)]
1
]
.
∴ Eζ(Γ(Zp3)) = (p− 1)×
[
(p2−p)(p2−2)]
2
+ [(p−1)(p
2
−p)+(p2−2)(p−2)]
1
]
.
Theorem 5.2. Let m = pn. Then the Ediz Eccentric Connectivity Index of
the zero divisor graph Γ(Zm) is given by
Eζ(Γ(Zm) = (p−1)×
[[
pn−2[(p−1)(pn−1−2)]
2
]
+
[
pn−3[(p−1)[(pn−1−2)+(p2−p−1)(pn−2−2)]
2
]
+
... +
[
pn−i−1[(p−1)(pn−1−2)+(p2−p)(pn−2−2)+...+(pi−2)(pn−i−pn−i−1)]
2
]
+ ...
+
[ [(pn−1−pn−2)(p−1)+(pn−2−pn−3)(p2−1)+...+(p−2)(pn−1−2)
1
]]
.
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Proof. Let m = pn. Then the set of non-zero zero divisors of Zm is
Z∗[Zm] = {p, 2p, 3p, ...., (p
n−1 − 1)p} with cardinality pn−1 − 1.
Now we rewrite Z∗[Zm] = A1 ∪A2 ∪ ..... ∪ An−1, where
A1 = {kp|k = 1, 2, 3, ....p
n−1 − 1 and p ∤ k}
A2 = {lp
2|l = 1, 2, 3, ....pn−2 − 1}
Ai = {mp
i|m = 1, 2, 3, ....pn−i − 1}
An−1 = {np
n−1|n = 1, 2, 3, ....p− 1}
Now deg(v1) = (p− 1)∀v1 ∈ A1,
deg(v2) = (p
2 − 1)∀v2 ∈ A2 ,
deg(v3) = (p
3 − 1)∀v3 ∈ A3 ,
deg(vi−1) = (p
i−1 − 1)∀vi−1 ∈ Ai−1 ,
deg(vi) = (p
i − 2)∀vi ∈ Ai ,where i = [
n
2
]=greatest integer part function,
deg(vi+1) = (p
i+1 − 2)∀vi+1 ∈ Ai+1,
and deg(vn−1) = (p
n−1 − 2)∀vn−1 ∈ An−1.
Since d(x, y) = 1 if x ∈ A1, y ∈ An−1 or y ∈ A1, x ∈ An−1 and
d(x, y) = 2 if x ∈ A1, y ∈ An−i or y ∈ A1, x ∈ An−i
therefore e(A1) = 2.
with a similar argument the eccentricites are given by
e(A2) = e(A3) = ................e(An−2) = 2, and e(An−1) = 1.
Now Ediz Eccentricity Connectivity Index is defined as
Eζ(G) =
∑
v∈V (G)
S(v)
e(v)
.
Eζ(Γ(Zm) =
n−2∑
v∈Ai,i=1
S(vi)
e(Ai)
+
∑
v∈An−1
S(vn−1)
e(An−1)
.
Eζ(Γ(Zm) =
[ (pn−1−pn−2)[(p−1)(pn−1−2)]
2
]
+
[ (pn−2−pn−3)[(p−1)(pn−1−2)+(p2−p−1)(pn−2−2)]
2
]
+
... +
[ (pn−i−pn−i−1)[(p−1)(pn−1−2)+(p2−p)(pn−2−1)+.....+(pn−i−pn−i−1−1)(pi−2)]
2
]
+ ... +
[ (p−1)[(pn−1−pn−2)(p−1)+(pn−2−pn−3)(p2−1)+...+(p−1−1)(pn−1−2)
1
]]
.
∴Eζ(Γ(Zm) = (p−1)×
[[
pn−2[(p−1)(pn−1−2)]
2
]
+
[
pn−3[(p−1)[(pn−1−2)+(p2−p−1)(pn−2−2)]
2
]
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+ ... +
[
pn−i−1[(p−1)(pn−1−2)+(p2−p)(pn−2−2)+...+(pi−2)(pn−i−pn−i−1)]
2
]
+ ...
+
[ [(pn−1−pn−2)(p−1)+(pn−2−pn−3)(p2−1)+...+(p−2)(pn−1−2)
1
]]
.
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